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In this paper, we present a novel theoretical analytical perform further investigation for the exact 
solvability of relativistic quantum spectrum systems for modified Mie-type potential (m.m.t.) potential is 
discussed for spin-1/2 particles by means Boopp’s shift method instead to solving deformed Dirac equation 
with star product, in the framework of noncommutativity three dimensional real space (NC: 3D-RS). The 
exact corrections for excited
thn  states are found straightforwardly for interactions in one-electron atoms 
by means of the standard perturbation theory. Furthermore, the obtained corrections of energies are de-
pended on four infinitesimal parameter  ,which induced by position-position noncommutativity, in addi-
tion to the discreet atomic quantum numbers: 1/ 2, 1 / 2,j l s l     and m (the angular momentum 
quantum number) and we have also shown that, the usual states in ordinary two and three dimensional 
spaces are canceled and has been replaced by new degenerated  2 2 1l   sub-states in the new quantum 
symmetries of (NC: 3D-RS) and we have also applied our obtained results to the case of modified Krazer-
Futes potential. 
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1. INTRODUCTION 
 
Fifty years ago, a big scientific revolution successful 
for describing atoms, nuclei, and molecules and their 
spectral behaviors based on three fundamental equa-
tions: Schrödinger (spin ½ particle at low energy) [1-
26], Klein-Gordon (spin zero particle at high energy) 
and Dirac (spin ½ particle at high energy) [27-37]. Di-
rac equation with physically significant potentials and 
the latest in terms of interest, it is playing a crucial 
role in modern quantum mechanics, many potentials 
are treated within the framework of relativistic quan-
tum mechanics based on this equation in two, three 
and D generalized spaces, the quantum structure based 
to the ordinary canonical commutations relations 
(CCRs) in both Schrödinger and Heisenberg (the opera-
tors are depended on time) pictures, respectively, as 
( 1c   ): 
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where the two operators     ,i ix t p t in Heisenberg 
picture are related to the corresponding two operators 
 ,i ix p  in Schrödinger picture from the two projections 
relations: 
 
 
     
     
0 0
0 0
ˆ ˆexp( ) exp( )
ˆ ˆexp( ) exp( )
i i
i i
x t iH t t x iH t t
p t iH t t p iH t t
   
   
 (1.3) 
 
Here Hˆ  denote to the ordinary quantum Hamilto-
nian operator. In addition, for spin ½ particles de-
scribed by the Dirac equation, experiment tells us that 
must satisfy Fermi Dirac statistics obey the restriction 
of Pauli, which imply to gives the only non-null equal-
time anti-commutator for field operators as follows: 
 
       0 3,r , ,r' r-r'   t t i       (1.4) 
 
with     0,r' ,r't t  
   . H. Snyder it was first who 
introduce the noncommutativity idea for almost seventy 
years ago [38], recently, much considerable effort has 
been expanded on the solutions of Schrödinger, Dirac 
and Klein-Gordon equations to noncommutative quan-
tum mechanics [39-72], the new quantum structure of 
noncommutative space based on the following non-
commutative canonical commutations relations 
(NCCRs) in both Schrödinger and Heisenberg pictures, 
respectively, as follows [39-72]: 
 
       
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 (1.5) 
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Where the two new operators     ˆ ˆ,i ix t p t in Hei-
senberg picture are related to the corresponding two 
new operators  ˆ ˆ,i ix p  in Schrödinger picture from the 
two projections relations: 
 
 
     
     
0 0
0 0
ˆ ˆˆ ˆexp( ) * * exp( )
ˆ ˆˆ ˆexp( ) * * exp( )
i nc i nc
i nc i nc
x t iH t t x iH t t
p t iH t t p iH t t
   
   
       
(1.6) 
 
Here ˆ ncH  denote to the new quantum Hamiltonian 
operator in the symmetries of (NC: 3D-RS). The very 
small parameters   (compared to the energy) are 
elements of antisymmetric real matrix and    denote 
to the new star product, which is generalized between 
two arbitrary functions    ˆ ˆ f x f x and    ˆ ˆg x g x  
to       ˆ ˆˆ ˆf x g x f g x   instead of the usual product 
   fg x  in ordinary three dimensional spaces [41-57]: 
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ˆ ˆˆ ˆ exp( ,
2
               (
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i
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i
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 
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
 

    
    
 (2) 
 
where  ˆ ˆf x  and  ˆ ˆg x  are the new function in (NC: 3D-
RS),  x f x  denotes to the 
 f x
x


, the following term 
(    
2
x xi f x g x     ) is induced by (space-space) non-
commutativity properties and  2O   stands for the 
second and higher order terms of  , a Boopp’s shift 
method can be used, instead of solving any quantum 
systems by using directly star product procedure [39-
71]: 
 
 ˆ ˆ ˆ ˆ, and , 0i j ij i jx x i p p         (3.1) 
 
The three-generalized coordinates 
 1 2 3ˆ ˆ ˆ ˆ ˆ ˆ, ,x x y x z x    in the noncommutative space are 
depended with corresponding three-usual generalized 
positions  , ,x y z  and momentum coordinates 
 , ,x y zp p p  by the following relations, as follows 
[48, 49, 53, 54, 58, 61]: 
 
1312 2321ˆ ˆ,      
2 2 2 2
31 32ˆ
2 2
y z
x y
x x p p y y p p
x z
z z p p

 
     
  
. (3.2) 
 
The non-vanish -commutators in (NC-3D: RS) can 
be determined as follows: 
 
12 13 23
ˆ ˆ ˆ ˆ ˆ ˆ, , , ,
ˆ ˆ ˆ ˆ ˆ ˆ, , , , ,
x y zx p y p z p i
x y i x z i y z i  
          
            
 (3.3) 
which allow us to getting the operator 2rˆ  on noncom-
mutative three dimensional spaces as follows 
[48, 49, 53, 54, 58, 61]: 
 2 2ˆ        r r  L  (4.1) 
 
Where the coupling L  is given by
2
ij
ij
 
  
 
: 
 
 12 23 13  x y zL L L      L  (4.2) 
with: 
 
x z,  zp -xp   and x z y y z y xL yp zp L L xp yp      (4.3) 
 
Furthermore, the non-null equal-time anti-
commutator for fermionic field operators in noncommu-
tative spaces can be expressed in the following postu-
late relations: 
 
     
         
*
0 3
* *
3
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ˆ ˆˆ ˆ,r ,r' ,r ,r' r-r'  
,
, ,
t t i
t t t t i
  
    
 
 
 
   
 
   
        
   
.
 (4.4) 
 
And the noncommutative fermion propaga-
tor  'FS x x : 
 
 
      
   
   
' * '
* ' if  t t'
' * if  t' t
FS x x i T x x
x x
x x
     
  
 
  
 (4.5) 
 
T is the time-ordered product. In particularly, the 
study of Mie-type potential has now become a very in-
terest field due to their applications in different fields, 
this potentials have the general features of the true 
interaction energy, inter atomic and dynamical proper-
ties in solid-state physics and play an important role in 
the history of molecular structures and interactions 
[24-25, 36-37], this work is aimed at obtaining an ana-
lytic expression for the eigenenergies of a modified Mie-
type potential (m.m.t.) potential in (NC: 3D-RS) using 
the generalization Boopp’s shift method to discover the 
new symmetries and a possibility to obtain another 
applications to this potential in different fields. This 
work based essentially on our previously works [39-58]. 
The organization scheme of the study is given as fol-
lows: In next section, we briefly review the Dirac equa-
tion with Mie-type potential on based to Refs. [36-37]. 
The Section 3, devoted to studying the three deformed 
Dirac equation by applying Boopp's shift method. In the 
fourth section and by applying standard perturbation 
theory we find the quantum spectrum of the thn  excit-
ed states in (NC-3D: RS) for relativistic spin-orbital 
interaction. In the next section, we derive the magnetic 
spectrum for studied potential. In the sixth section, we 
resume the global spectrum and corresponding non-
commutative Hamiltonian for (m.m.t.) potential. Final-
ly, the important results and the conclusions are dis-
cussed in last section. 
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2. REVIEW THE DIRAC EQUATION FOR EX-
TENDED MIE-TYPE POTENTIAL IN THREE 
DIMENSIONAL SPAPACES 
 
In this section, we shall review the eigenfunctions 
and eigenvalues for spherically symmetric for the po-
tential  MieV r  and the tensor interaction  U r  [36-
37]:  
    2      and     Mie
a b T
V r c U r
r rr
      (5) 
 
where  ,a bZ Z  are charges of projectile particle and tar-
get particle , ( a ,b , c )  are arbitrary positive constants 
and 
2
04
a bZ Z eT



. The Dirac equation in the presence of 
above interactions [36-37]: 
 
 
    
    
ˆP ( ( )) , ,
, ,
M S r i rU r r
E V r r
     
 
    
  
 (6.1) 
 
here M , E  and (
0
0
i
i
i



 
  
 
, 2 2
2 2
0
0
I
I
 

 
  
 
) are 
where the fermions’ mass, the relativistic energy and 
the usual Dirac matrices, the spinor  , ,r    : 
 
  
 
 
   
   
,1
, ,
,
l
nk nk jm
nk l
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f r F r Y
r
r iG r Yg r
 
 
 
   
     
       
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where 1
0 1
1 0

 
  
 
, 2
0
0
i
i

 
  
 
and 3
1 0
0 1

 
  
 
 and  
are 2 2  three Pauli matrices while k  ( k ) is related to 
the total angular momentum quantum numbers for 
spin symmetry l  and p-spin symmetry l  as [36-37]: 
 
     
 
 
 
1/2 3/2
1/2 3/2
1
1   if  - j 1/2 , s , , , ,  
2
aligned spin k 0
1 1
    if  , p , , , ,  
2 2
unaligned spin k 0
l p etc j l
k
l j l d etc j l

    


 
    



 (7) 
 
and 
 
   
 
   
 
1/2 3/2
1/2 3/2
1
    if  - j 1/2 , s , , , ,  
2
aligned spin k 0
1 1
1     if   , p , , , ,  
2 2
unaligned spin k 0
l p etc j l
k
l j l d etc j l

   


 
     



 (8) 
 
The radial functions (  nkF r ,  nkG r ) are obtained 
by solving the following differential equations [36-37]: 
 
 
 
   
   
2
2
2 2
( 1) 2
nk
nk nk ps nk
dU rd k k k
U r U r F r
r drdr r
M E V r M E C F r
 
    
  
         
   (9.1) 
 
 
   
   
2
2
2 2
( 1) 2
nk
nk nk ps nk
dU rd k k k
U r U r G r
r drdr r
M E V r M E C G r
 
    
  
         
..(9.2) 
 
According to The Laplace transform approach (LTA) 
and asymptotic interaction method, which applied in 
refs. [36-37], the upper spinor  nkF r  from relation: 
 
 
 
 
 
 
 1/2 1 1
! 2n 2 1 2 1
n 2 1
,2 1,2
nk
nk ps
r
n d k T
F r
dr rM E C
r e F n r 
 

  
     
   
      
  
 
(10) 
 
where  1 1 ,2 1,2F n r    the confluent hyper-geometric 
functions and nkM E  when 0psC  , which means 
that only negative energy spectrum is permissible for a 
normalizable and well-defined wave function  and in 
the exact p-spin limit and in the absence of tensor in-
teraction, we have the energy equation [36-37]: 
 
 
   
   21 2 2 1 / 2
nk ps
nk nk ps
nk ps
b E M C
M E c M E C
n k T a E M C
 

   
       
 (11) 
 
0,1,2...n  In the exact p-spin limit and in the absence 
of tensor interaction, we have [36]: 
 
   
 
 
 1/2 1 1
! 2n 2 1
2 1
n 2 1
,2 1,2
nk
r
n
G r
r e F n r 



  
 
   
  
  
 (12) 
 
And 
 
 
 
 
   
2 2
2
2 1 / 2 1 / 2
nk
nk nk
nk
b E M
M E c E M
k a E M n


  
     
 (13) 
 
With 
 
   
 
2
2 2
and1 / 2 nk
nk nk
k a E M
M E c E M


   
   
 (14) 
 
The generalized Laguerre polynomials 
   n rL

 can 
be expressed as a function of the confluent hyper-
geometric functions as [37, 73-74]: 
 
 
   
 
 
 11
1
, 1;
! 1
p
n
n p
x n p xL F
n p
  
  
 
 (15) 
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Which allow us to rewritten eq. (12) as: 
 
 
 
 
 
   
2
3/2
3/2
21/2
2 1
!
2 1
2n 2 1 2
nk
r
n
G r n
n
r e rL
 


  
 
 
  
  
. (16) 
 
3. NONCOMMUTATIVE RELATIVISTIC HAM-
ILTONIAN FOR EXTENDED MODIFIED  
MIE-TYPE POTENTIAL 
 
3.1 Formalism of Boopp’s Shift Method  
Now, we shall review some fundamental principles 
of the quantum noncommutative Dirac equation which 
resumed in the following steps for modified Mie-type 
potential  ˆV r  [48, 49, 53, 54, 58, 61]: 
– Ordinary Hamiltonian  ˆ ,i iH p x  replace by non-
commutative Hamiltonian  ˆ ˆ ˆ,i iH p x , 
– Ordinary spinor  r  replace by new 
spinor  r , 
– Ordinary energy nkE replace by new ener-
gy nc mtE  , and ordinary product replace by new star 
product  . 
Which allow us to writing the noncommutative Di-
rac equation as follows: 
 
      ˆ ˆ ˆ,i i ncH p x r E r    (17) 
 
The Boopp’s shift method permutes to reduce the 
above equation to simplest the form: 
 
      ˆ ˆ,nc mt i i nc mtH p x r E r    (18) 
 
Where the new operator of Hamiltonian 
 ˆ ˆ,nc mt i iH p x  can be expressed in three general varie-
ties: both noncommutative space and noncommutative 
phase (NC-3D: RSP), only noncommutative space (NC-
3D: RS) and only noncommutative phase (NC: 3D-RP) 
as, respectively: 
 
 
1 1
ˆ ˆ ˆ ˆ, ;
2 2
  for NC-3D: RSP
ijnc mt i i i i j i i ij jH p x H p p x x x p 
 
     
   
(19.1) 
 
 
 
1
ˆ ˆ ˆ ˆ, ;
2
  for NC-3D: RS
nc mt i i i i i i ij jH p x H p p x x p
 
    
   (19.2) 
 
 
 
1
ˆ ˆ ˆ ˆ, ; ,
2
for NC-3D: RP     
ijnc mt i i i i j i iH p x H p p x x x
 
    
  (19.3) 
 
In recently work, we are interest with the first vari-
ety (19.2) and then the new modified Hamiltonian 
 ˆ ˆ,nc mt i iH p x  defined as a function of 
1
ˆ
2
i i ij jx x p   
and ˆi ip p : 
 
 
 
   
3
ˆˆ ˆ ˆ, P ( ( ))
ˆ ˆ ˆ
nc is i iH p x M S r
i rU r V r
 
 
    
 
 (20) 
 
where the modified extended tensor interaction 
 ˆU r  and extended Mie-type potential  ˆV r  are given 
by, respectively: 
 
  ˆ     
ˆ
T
U r
r
   (21) 
and 
 
   2ˆ ˆˆ
a b
V r c
rr
    (22) 
 
The Dirac equation in the presence of above interac-
tions  ˆU r  and  ˆ V r  can be rewritten according Bop 
shift method as follows: 
 
 
    
    
ˆ ˆ ˆP ( ( )) , ,
ˆ , ,
M S r i rU r r
E V r r
     
 
    
  
 (23) 
 
The radial functions (  nkF r ,  nkG r ) are obtained, 
in the absence of tensor interaction, by solving two 
equations: 
 
      ˆnk nc mt nk
d k
F r M E r G r
dr r

 
        
 
(24.1) 
 
      ˆnk nc mt nk
d k
G r M E r G r
dr r

 
        
 
(24.2) 
 
with      ˆ ˆ ˆr V r S r     and      ˆ ˆ ˆr V r S r   , elimi-
nating  nkF r and  nkG r from Eqs. (24.1-2), we can 
obtain the following two Schrödinger-like differential 
equations as follows in NC-3D: RS: 
 
     
 
2
2 2
( 1)
ˆ ˆ
0
nc mt nk
nk
d k k
M E r M E r
dr r
F r

 
         
 
 
(2
5.1) 
 
     
 
2
2 2
( 1)
ˆ ˆ
0
nc mt nk
nk
d k k
M E r M E r
dr r
G r

 
         
 
 
(2
5.2) 
 
After straightforward calculations one can obtains 
the different terms in (NC-3D: RS) spaces as follows: 
 
 
 
 
2
2 2 4
2
3
2
3
ˆ
ˆ 2
ˆ 2
a a a
O
r r r
T T Tb
O
r r r
b b b
O
r r r



   
    
    
L
L
L
 (26) 
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Which allow us to writing the modified extended 
tensor interaction  ˆU r  and extended Mie-type poten-
tial  ˆV r  as follows: 
 
 
   
   2
ˆ  ,
ˆˆ  , , ,
pert mt
pert mt
T
U r U r
r
a b
V r c V r a b
rr


   
    
 (27) 
with 
  
4 3
ˆ , , ,
2
pert mt
a b
V r a b
r r

 
    
 
L  (28.1) 
and 
   3, , 2pert mt
Tb
U r b
r
    L  (28.2) 
 
We generalized the constraint for the pseudospin (p-
spin) symmetry (    r V r   and 
  constantspsr C     which presented in ref. [36] into 
the new form    ˆ ˆr V r   and   ˆˆ constantspsr C    
in NC-3D: RS and inserting the potential  ˆV r  in eq. 
(27) into the two Schrödinger-like differential equations 
(25.1-2), one obtains: 
 
 
 
 
 
 
 
2
2 2
2
4 3
( 1)
0
ˆ
2
nc mt
nc mt ps
nk
nc mt ps
nc mt ps
d k k
M E
dr r
a b
M E C c
rr F r
M E C
a b
M E C
r r




 
    
 
  
        
   
    
 
  
      
   
L
(29.1) 
 
 
 
 
 
 
2
2 2
2
4 3
( 1)
ˆ
0
ˆ
ˆ
2
nc mt
nk ps
nk
nc mt ps
nc mt ps
d k k
M E
dr r
a b
M E C c
rr G r
M E C
a b
M E C
r r



 
    
 
  
        
   
 
    
 
          
L
(29.2) 
 
It’s clearly that, the additive new part  ,pert mtV r   
is proportional with infinitesimal parameter , thus, 
we can considered as a perturbations terms. 
 
4. THE EXACT RELATIVISTIC SPIN-ORBITAL 
HAMILTONIAN AND THE CORRESPONDING 
SPECTRUM FOR (M.M.T.) POTENTIAL IN 
(NC: 3D- RS) SYMMETRIES FOR EXCITED 
thn  STATES FOR ONE-ELECTRON ATOMS 
 
4.1 The Exact Relativistic Spin-orbital Hamilto-
nian for (m.m.t.) Potential in (NC: 3D- RS) 
Symmetries for One-electron Atoms 
 
Again, the perturbative two terms  ˆ , , ,pert mtV r a b   
can be rewritten to the equivalent physical form for 
(m.m.t.) potential: 
 
  
4 3
ˆ , , ,
2
pert mt
a b
V r a b SL
r r

 
   
 
 (30) 
 
Furthermore, the above perturbative terms  
 ˆ , , ,pert mtV r a b   can be rewritten to the following new 
equivalent form for (m.m.t.) potential: 
 
  
22 2
4 3
1ˆ , , ,
2 2
pert mt
a b
V r a b J L S
r r

  
       
  
 (31) 
 
To the best of our knowledge, we just replace the 
coupling spin-orbital SL  by the expres-
sion
22 21
2
J L S
 
  
 
, in relativistic quantum mechan-
ics.  The set (  ˆ ˆ,nc mt i iH p x ,
2J , 2L , 2S and )zJ  forms a 
complete of conserved physics quantities and the spin–
orbit quantum number k ( k ) is related to the quantum 
numbers for spin symmetry l  and p-spin symmetry l  
as follows [36-37]: 
     
 
 
 
1 1/2 3/2
2 1/2 3/2
1
1     if  - j 1/2 , s , , , ,  
2
aligned spin k 0
1 1
    if   , p , , , ,  
2 2
unaligned spin k 0
k l p etc j l
k
k l j l d etc j l

     


 
          


(
32.1) 
 
and  
 
   
 
   
 
1 1/2 3/2
2 1/2 3/2
1
    if  - j 1/2 , s , , , ,  
2
aligned spin k 0
1
1     if   , p , , , 
2
1
,  unaligned spin k 0
2
k l p etc j l
k
k l j l d etc
j l

    



   
      
 

  

 
(32.2) 
 
With    1 1k k l l    and    1 1k k l l   , which 
allows us to form two diagonal  3 3   matrixes 
 1 2ˆ ,so mtH k k  and  1 2ˆ ,so mtH k k , for (m.m.t.) potential, 
respectively, in (NC: 3D-RS) as: 
 
   
   
 
1 1 4 311
1/2 3/2
ˆ    if
2
1
 - j 1/2 , s , , , ,  
2
aligned spin k 0
so mt
a b
H k k
r r
p etc j l

 
   
 
  

 
 ABDELMADJID MAIRECHE J. NANO- ELECTRON. PHYS. 8, 04027 (2016) 
 
 
04027-6 
 
   
 
 
 
2 2 4 322
1/2 3/2
33
ˆ     if
2
1 1
    , p , , , ,  
2 2
unaligned spin k 0
ˆ 0
so mt
so mt
a b
H k k
r r
j l d etc j l
H


 
   
 
 
    
 


 (33.1) 
 
and 
 
 
   
   
 
   
 
 
 
1 1 4 3
11
1/2 3/2
2 2 4 3
22
1/2 3/2
33
ˆ
   if
2
1
 - j 1/2 , s , , , ,  
2
aligned spin k 0
ˆ
    if
2
1 1
    , p , , , ,  
2 2
unaligned spin k 0
ˆ
0
so mt
so mt
so mt
a b
H k k
r r
p etc j l
a b
H k k
r r
j l d etc j l
H



 
   
 
  

 
   
 
 
    
 


 (33.2) 
 
4.2 The Exact Relativistic Spin-orbital Spec-
trum for (m.m.t.) Potential Symmetries for thn  
States for One-electron Atoms in (NC: 3D- 
RSP) 
 
In this sub section, we are going to study the modi-
fications to the energy levels 
(  : 1,nc per dE k  ,  : 2,nc per uE k  ) for (  - j 1/2 , 
 1/2 3/2s , ,p etc ,
1
2
j l  , aligned spin k 0  and spin-
down) and (
1
 
2
j l  ,  1/2 3/2p , ,d etc ,
1
2
j l  , un 
aligned spin k 0  and spin up), respectively, at first 
order of infinitesimal parameter , for excited 
states thn , obtained by applying the standard perturba-
tion theory, using eqs. (12) and (31) as: 
 
 
 
 
   
   
2 2
4
3
: 1 1 3
2
2 2 122 2 2 2 2
4 3
2 2
, 2 ! n 2 2
2 2
2
2
nk
nc per d
k TM E rk T
n nk
k T
E k k n k T
n k T
a b
r e M E r r drL
r r

  
 
    
  
        

(3
4.1) 
 
 
 
 
   
   
2 2
4
3
: 2 2 3
2
2 2 122 2 2 2 2
4 3
2 2
, 2 ! n 2 2
2 2
2
2
nk
nc per u
k TM E rk T
n nk
k T
E k k n k T
n k T
a b
r e M E r r drL
r r

  
 
    
  
        

(3
4.2) 
 
A direct simplification gives: 
 
 
 
 
 
 
  
4
3
: 1 1 3
1 2
2 2
, 2 !
2 2
n 2 2
nc per d
mt mt
k T
E k k n
n k T
k T T T

 
 
   
  
   
 (35.1) 
 
 
 
 
 
 
  
4
3
: 2 2 3
1 2
2 2
, 2 !
2 2
n 2 2
nc per u
mt mt
k T
E k k n
n k T
k T T T

 
 
   
  
   
 (35.2) 
 
Where, the two terms 1 mtT  and 2 mtT   are given by: 
 
   
   
2 2
2 2
2
2 2 122 2 2 2 2
1
0
2
2 2 122 2 1 2 2
2
0
2
2
2
nk
nk
k TM E rk T
nmt nk
k TM E rk T
nmt nk
T a r e M E r drL
b
T r e M E r drL

   


   

  
  
   
  


 
(36) 
This can rewrite as ( 2 22 )nkM E r X  : 
 
     
     
21/2 2 2 12 2 2 2 2
1
0
21 2 2 12 2 2 2 1
2
0
2
4
k T k Tk T X
nmt nk
k T k Tk T X
nmt nk
a
T M E X e X dXL
b
T M E X e X dXL
     

     

  
 
   
 


.(
37) 
Know we apply the special integral [1, 74]: 
   
   
 
 
   
2
,
0
0
! ! 1
        ( 1)
! ! ! !
x
n
n
i
i
x dxJ e x Ln
n n i i
n i i i n i
  


   
 

 


     
 
    
   

 (38) 
  01Re  ,   can be takes: (-1, 0) 
and 122  Tk , which allow us to obtaining  
 
   
 
   
 
 
 
   
1/2 12 2
1 , 2 2 1
1/2
2 2
0
2
2 2 1 !
2 !
1 2 2 2 ! 1
( 1)
1 2 2 ! ! !
k T
mt nk n k T
k T
nk
n
i
i
a
T M E J
n k Ta
M E
n
n i k T i
i k T i i n i
  
  
 

 
  
  
     
 
    

 (39.1) 
 
 
   
 
   
 
 
 
   
1 02 2
2 , 2 2 1
1
2 2
0
4
2 1 !
4 !
2 1 ! 1
( 1)
2 1 ! ! !
k T
mt nk n k T
k T
nk
n
i
i
b
T M E J
n k Tb
M E
n
n i k T i
i k T i i n i

 
  
 

  
  
   
     
 
     

 (39.2) 
 
On the other hand, it is possible to obtain the term 
2 mtT   by applying the following special integral [36, 
75]: 
 
    
 
'
0
1
' !
xq
nn
q nq q
x x dxe L Lx n n n


   
  (40) 
 
Then, the term 2 mtT  is written as: 
 
  
 12 2
2
2 2
4 !
k T
mt nk
k T nb
T M E
n
 

  
    (41) 
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Which allow us to obtaining the exact modifications 
of fundamental states (  : 1,nc per dE k  ,  : 2,nc per uE k  ) 
produced by relativistic spin-orbital effect: 
 
 
 
 
 
 
 
   
 
 
 
1
1
4
1 3
: 1 1 3
1
1
1/2 12 2
, 2 2 1
1 12 2
2 2
, 2 !
2 2
n 2 2
2
2 2
4 !
nc per d
k T
nk n k T
k T
nk
k T
E k k n
n k T
k T
a
M E J
k T nb
M E
n

  
 
 
 
   
  
  
 
 
 
   
   
 
(42.1) 
 
 
 
 
 
 
 
    
 
 
2
2
4
2 3
: 2 2 3
2
2
1/2
12 2
, 2 2 1
1 12 2
2 2
, 2 !
2 2
n 2 2
2
2 2
4 !
nc per u
k T
n k Tnk
k T
nk
k T
E k k n
n k T
k T
a
M E J
k T nb
M E
n

 

 
 
 
   
  
  
 
 
 
   
   
 
(42.2) 
 
4.3 The Exact Relativistic Magnetic Spectrum 
for (m.m.t.) Potential for Excited thn  States 
for One-electron Atoms in (NC: 3D- RS) 
Symmetries 
 
Having obtained the exact modifications to the en-
ergy levels (  : 1,nc per dE k  ,  : 2,nc per uE k  ), for exit-
ed thn  states, produced with relativistic spin-orbital 
induced by noncommutative spin-orbital Hamiltonian 
operator, we now consider another interested physical-
ly meaningful phenomena, which also produced from 
the perturbative terms of Mie-type potential related to 
the influence of an external uniform magnetic field, it’s 
sufficient to apply the following two replacements to 
describing these phenomena: 
 
4 3 4 32 2
a b a b
BL
r r r r

   
     
   
L  and     B  (43) 
 
Here   is infinitesimal real proportional’s con-
stants, and we choose the magnetic field  B Bk , 
which allow us to introduce the modified new magnetic 
Hamiltonian   ˆ , , ,mag mtH r a b   in (NC: 3D-RS), as: 
 
    4 3ˆ , , , 2mag mt
a b
H r a b BJ SB
r r
 
 
   
 
 (44) 
 
Here  SB  denote to the ordinary Hamiltonian of 
Zeeman Effect. To obtain the exact noncommutative 
magnetic modifications of energy  mag-mt , , , ,E n m a b  
for modified Mie-type potential, which produced auto-
matically by the effect of  ˆ , , ,m mtH r a b  , we make the 
following two simultaneously replacements: 
 
 1 m    and        k    (45) 
 
Then, the relativistic magnetic modification 
 mag-mt , , , ,E n m a b  corresponding 
thn  excited states, 
in (NC-3D: RS) symmetries, can be determined from 
the following relation: 
 
 
 
 
 
   
   
 
 
 
1
1
4
1
mag-mt 3
1
3
1
1/2 12 2
, 2 2 1
1 12 2
2 2
, , , , 2
2 2
! n 2 2
2
2 2
4 !
k T
nk n k T
k T
nk
k T
E n m a b mB
n k T
n k T
a
M E J
k T nb
M E
n
 
  
 
 
 
 
  
  
 
 
 
   
   
 
 (46) 
 
Where m  denote to the angular momentum quan-
tum number, l m l    , which allow us to fixing ( 2 1l  ) 
values for the orbital angular momentum quantum 
numbers.  
 
5. THE EXACT MODIFIED GLOBAL SPEC-
TRUM FOR (M.M.T.) POTENTIAL IN (NC-3D: 
RS) SYMMETRIES FOR ONE-ELECTRON 
ATOMS 
 
Let us now resume the thn  excited states 
eigenenergies (  1, , , , , ,nc dE k n m a b  , 
 : 2, , , , , ,ncr uE k n m a b ) of modified Dirac equation 
corresponding for (  - j 1/2 ,  1/2 3/2s , ,p etc ,
1
2
j l  , 
aligned spin k 0  and spin-down) and (
1
 
2
j l  , 
 1/2 3/2p , ,d etc ,
1
2
j l  , un aligned spin k 0  and spin 
up), respectively, at first order of parameter , for 
(m.m.t.) potential in (NC: 3D-RS), respectively, on 
based to the obtained new results  (42.1), (42.2and (46), 
in addition to the original results (13) of energies in 
commutative space, we obtain the following original 
results: 
 
 
 
 
   
   
 
 
 
 
1
1
1 1
4
1
1 3
1
3
1
1/2
12 2
, 2 2 1
1
1 12 2
2 2 2
, , , , , ,
2 2
! n 2 2
2
2 2
4 !
nc d nk
k T
nk n k T
k T
nk
k T
E k n m a b E
n k T
n k T
a
M E J
k mB
k T nb
M E
n



 

 
 
 
   
  
  
 
 
   
   
   
 
(47.1) 
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 
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   
   
 
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 
 
2
2
2 2
2
4
2
2 3
2
3
2
1/2
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, 2 2 1
2
1 22 2
2 2 2
, , , , , ,
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! n 2 2
2
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nc u nk
k T
nk n k T
k T
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k T
E k n m a b E
n k T
n k T
a
M E J
k mB
k T nb
M E
n



 

 
 
 
   
  
  
 
 
   
   
   
 
(47.2) 
 
As it is montionated in ref. [36], in view of exact 
spin symmetry in commutative space ( nkE  nkE , 
 V r    V r ,  1k k   and    nknkG r G r ), they 
take the following forms: 
 
     2 22nk nkb E M k T n M E      (48) 
 
We need to generalize the above translations to the 
case of noncommutative three dimensional spaces as: 
 
   
 
   
 
   
1 1
1
1 1
2
1 1 2 2
, , , , , , , , , , , ,
, 1, , , , ,
, , , , , , , , , , , ,
, 1, , , , ,
ˆ ˆ
1      and     1   
nc d nc d
nc d
nc u nc u
nc u
E k n m a b E k n m a b
E k n m a b
E k n m a b E k n m a b
E k n m a b
V r V r
k k k k
 

 

 

 

  
   
  
   
 
   
 (49) 
 
It’s clearly, that the obtained eigenvalues of ener-
gies are real and then the noncommutative Hamiltoni-
an operator ˆ nc mtH   is Hermitian, 
 
 
   
 4 3 4 3
ˆ ˆ ˆ ˆ ˆP ( ( ))
2 2
nc mtH M S r i rU r V r
a b a b
SL BJ SB
r r r r
   

      
   
       
   
. (50) 
 
In this way, one can obtain the complete energy 
spectra for (m.m.t.) potential in (NC: 3D-RS) symme-
tries.  Know the following accompanying constraint 
relations: 
1. The original spectrum contain two possible 
values of energies in ordinary three dimen-
sional space which presented by equations (13) 
and (47), 
2. The quantum number m  satisfied the inter-
val: l m l    , thus we have ( 2 1l  ) values for 
this quantum number, 
3. We have also two values for
1
2
j l   
and
1
2
j l  . 
4. Allow us to deduce the important original re-
sults: every state in usually three dimensional space 
will be replace by  2 2 1l  sub-states and then the 
degenerated state can be take  
1
2
0
2 2 1 2
n
i
l n


  values 
in (NC: 3D-RS) symmetries.  
Know, we can apply the obtained results (45, 1-2) to 
the case of the modified Krazer-Futes potential  ˆKFV r  
as a simple example from the (m.m.t.) potential by set-
ting 2( , 2 , 0)e e e ea D r b D r c   : 
 
      ˆˆ  , , ,KF KF pert KFV r V r V r a b    (51) 
 
with 
 
2
2
2 e e
KF e
r r
V r D
r r
 
    
 
 
 and  
2
4 3
2ˆ , , ,
2
e e e e
pert KF
D r D r
V r a b
r r

 
     
 
L  (52) 
 
 KFV r , eD and er are Krazer-Futes potential in com-
mutative spaces, the dissociation energy and the equi-
librium inter-nuclear length [36], thus the energy equa-
tions (47,1-2) becomes: 
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(53.1) 
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(53.2) 
 
And the energy equation KFE  (
1nk
E  and
2nk
E ) for 
Krazer-Futes potential in commutative spaces by is 
given [36]: 
 
 
 
   
1
2 2
2 2
2
2 1 / 2 1 / 2
e e KF
KF
e e KF
D r E M
M E
k D r E M n



     
 (54) 
 
6. CONCLUSION 
 
In this study we have performed the exact analyti-
cal bound state solutions: the energy spectra and the 
corresponding noncommutative Hermitian Hamiltoni-
an operator for three dimensional Dirac equations in 
spherical coordinates for (m.m.t.) potential by using 
generalization Boopp’s Shift method and standard per-
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turbation theory. It is found that the energy eigenval-
ues depend on the dimensionality of the problem and 
new atomic quantum numbers 
 1 / 2, 1 / 2, 1 / 2, ,j l j l s l l      and the angular 
momentum quantum number in addition to the infini-
tesimal parameter in the symmetries of (NC: 3D-
RSP). And we also showed that the obtained energy 
spectra degenerate and every old state will be replaced 
by  2 2 1l  sub-states. And we have also applied our 
obtained results to the case of modified Krazer-Futes 
potential.  
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